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Primal–dual active set strategyA multibody frictional mortar contact formulation (Gitterle et al., 2010) is extended for the simulation of
solids undergoing ﬁnite strains with inelastic material behavior. The framework includes the modeling of
ﬁnite strain inelastic deformation, the numerical treatment of frictional contact conditions and speciﬁc
ﬁnite element technology. Several well-established and recent models are employed for each of these
building blocks to capture the distinct physical aspects of the deformation behavior. The approach is
based on a mortar formulation and the enforcement of contact constraints is realized with dual Lagrange
multipliers. The introduction of nonlinear complementarity functions into the frictional contact condi-
tions combined with the global equilibrium leads to a system of nonlinear equations, which is solved
in terms of the semi-smooth Newton method. The resulting method can be interpreted as a primal–dual
active set strategy (PDASS) which deals with contact nonlinearities, material and geometrical nonlinear-
ities in one iterative scheme. The consistent linearization of all building blocks of the framework yields a
robust and highly efﬁcient approach for the analysis of metal forming problems. The effect of ﬁnite
inelastic strains on the solution behavior of the PDASS method is examined in detail based on the com-
plementarity parameters. A comprehensive set of numerical examples is presented to demonstrate the
accuracy and efﬁciency of the approach against the traditional node-to-segment penalty contact
formulation.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
In a wide range of problems involving deformable bodies under-
going ﬁnite strains and experiencing inelastic material behavior,
frictional contact is inevitably present. These types of problems
are very common in engineering practice and are of the utmost
importance in forming operations, machine design, structural engi-
neering and collision of vehicles. Therefore, the numerical strategy
developed for the analysis of this variety of applications requires
appropriate consideration of both theoretical and algorithmic
issues. In particular, the modeling of ﬁnite strain inelastic deforma-
tion, the numerical treatment of frictional contact conditions and
element technology capable of dealing with plastic incompressibil-
ity deserve careful attention. Due to the strong nonlinearities
involved, the solution of these problems using implicit methods is
still a challenging task and the subject of current research.
The modeling of nonlinear solid mechanics problems with the
ﬁnite element method has reached a rather mature level and aconsiderable number of algorithms have already been developed,
at both the kinematic and constitutive levels, for the analysis of
large inelastic deformations. The formulation of ﬁnite inelastic
constitutive models and the associated numerical integration algo-
rithms have gained widespread acceptance and are currently
adopted for large strain analysis. Notable contributions in this area
are presented in Weber and Anand (1990), Eterovic and Bathe
(1985), Peric´ et al. (1992), Simo (1992), and Cuitiño and Ortiz
(1992). By performing the multiplicative split of the deformation
gradient into elastic and plastic contributions and employing loga-
rithmic stretches as strain measures, a simple model for large
inelastic deformations at ﬁnite strains is obtained. Procedures for
integration of the constitutive equations typically rely on the gen-
eral operator split methodology. The constitutive behavior at small
strains is usually described by a conventional internal variable-
based structure and the set of ordinary differential equations in
time is integrated with a number of integration algorithms (Cris-
ﬁeld, 1997; Simo and Hughes, 1998; de Souza Neto et al., 2008).
The ﬁeld of computational contact mechanics has achieved sig-
niﬁcant progress over the last decade and several algorithms have
been proposed for the numerical treatment of frictional contact
conditions (Laursen, 2002; Wriggers, 2006). The contact
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approach, which has been extended and generalized by numerous
authors (Hallquist et al., 1985; Wriggers et al., 1990; Laursen and
Simo, 1993; Erhart et al., 2006). Although quite popular and widely
used, there are well known limitations in the robustness of NTS
formulations. It has been shown in Papadopoulos and Taylor
(1992) that the so-called single pass algorithms do not satisfy the
contact patch test and there is a degradation of spatial convergence
rates, which has been demonstrated in the kinematically linear
context in Hild (2009). Furthermore, non-physical jumps in the
contact forces can occur when ﬁnite sliding situations occur due
to the non-smoothness of the discretized contact surfaces. Several
strategies have been proposed to overcome these problems (Wrig-
gers et al., 2001; Puso and Laursen, 2002; Stadler and Holzapfel,
2004) leading to more elaborated algorithms. Alternative methods
for discretizing the contact surface are the so-called segment-to-
segment (STS) approaches, where the mortar method has become
very popular. This method was originally introduced in the context
of domain decomposition techniques (Bernardi et al., 1994) and is
particularly suited for the exchange of information between non-
conforming meshes. It introduces the continuity condition at the
interface in an integral form, rather than as nodal constrains. Of
particular importance is the fact that the mortar ﬁnite element
method preserves optimal convergence rates from the ﬁnite ele-
ment method as long as suitable mortar spaces are chosen.
All the aforementioned contact formulations lead to the math-
ematical structure of variational inequalities (Kikuchi and Oden,
1988; Facchinei and Pang, 1998). The numerical treatment of these
nonlinear complementarity constraints, i.e., the enforcement of the
contact constraints is mainly accomplished by tree methods
(Laursen, 2002; Wriggers, 2006): the Penalty method, the Lagrange
method and the Augmented Lagrangian method. However, when
these regularization schemes are employed with the mortar ﬁnite
element method unwanted side-effects occur such as: ill condi-
tioning, additional equations in the global system or a signiﬁcant
increase in the computational time for solution. In order to circum-
vent these shortcomings, Wohlmuth (2000) has proposed the use
of dual spaces for the Lagrange multipliers allowing the local elim-
ination of the contact constraints. As a consequence, the Lagrang-
ian multipliers can be conveniently condensed and no additional
equations are needed for the solution of the global system of equa-
tions (Wohlmuth, 2001; Flemisch and Wohlmuth, 2007). The
remaining problem is positive deﬁnite and the unknowns are the
displacements only. The reformulation of the frictional contact
constraints into so-called complementarity functions (Alart and
Curnier, 1991; Christensen, 1977; Koziara and Bicanic, 2008)
allows rewriting the inequality constraints as equalities. The com-
bination of this set of equalities with the equilibrium equations
leads to a system of nonlinear equations that can be solved with
the semi-smooth Newton method (Christensen, 1977; Facchinei
and Pang, 1998; Hintermüller et al., 2003). The resulting method
can be interpreted as a primal–dual active set strategy (PDASS)
(Hintermüller et al., 2003; Hüeber and Wohlmuth, 2005a), which
has been introduced for small deformation frictional contact in
Hüeber et al. (2008). This strategy was latter applied to nonlinear
material problems at small strains in Brunssen et al. (2007) and
Hager and Wohlmuth (2003) and to the solution of dynamic con-
tact problems in Hartmann and Ramm (2004). The approach was
extended to ﬁnite deformation frictionless contact in Popp et al.
(2009) and to frictional contact in Gitterle et al. (2010).
The mortar formulation employing dual spaces for the Lagrange
multipliers combined with the PDASS for the enforcement of con-
straints has undergone substantial development. Nevertheless, the
extension of this formulation to include both ﬁnite strain inelastic
material behavior and ﬁnite frictional sliding is extremely
challenging. This is due to the strong nonlinearities that may beinvolved, which can include the coupling of ﬁnite strains, inelastic
material behavior and large relative sliding. In particular, the mor-
tar integrals and associated surface-to-surface projections are
strongly dependent on the deformation behavior of the contacting
bodies. A contact formulation that includes all the features stated
above has not yet been presented and only partial approaches have
been suggested.
The main focus of this work is the extension of the frictional
mortar contact formulation proposed in Gitterle et al. (2010) for
the analysis of large inelastic deformation and metal forming prob-
lems. We follow an approach developed in Yang et al. (2005) that is
based on a continuous normal ﬁeld on the discretized contact sur-
face for deﬁnition of the mortar segments. The contact and ﬁnite
frictional sliding inequality constraints are reformulated in a set
of so-called complementarity functions as in Gitterle et al.
(2010). When combined with the equilibrium equations, which
include nonlinear constitutive material behavior at ﬁnite strains
(Weber and Anand, 1990; Eterovic and Bathe, 1985; Peric´ et al.,
1992; Simo, 1992; Cuitiño and Ortiz, 1992), this leads to a system
of nonlinear and non-differentiable equations that can be solved in
terms of a semi-smooth Newton method. Element technology
capable of dealing with plastic incompressibility and avoiding vol-
umetric locking (de Souza Neto et al., 1996) is also included. The
resulting primal–dual active set strategy (PDASS) deals with non-
linearities stemming from contact (search for inactive, stick and
slip set) and all other nonlinearities (i.e., geometrical and material)
in one single iterative scheme. In this context, the presence of large
inelastic deformations can signiﬁcantly inﬂuence the convergence
behavior of the overall approach due to the scaling of the comple-
mentarity parameters. This is particularly relevant in the solution
of frictionally dominated problems.
This work is structured as follows. In Section 2, the description
of the two-body frictional contact problem in the context of ﬁnite
deformations is undertaken. The particular class of isotropic hyper-
elastic based constitutive models adopted for the modeling of large
inelastic deformations is reviewed in Section 3. In Section 4, the
boundary value problem is converted into a weak formulation.
The numerical integration of the rate constitutive equations that
leads to the incremental boundary value problem is presented in
Section 5. The spatial discretization of the contact virtual work
and the nonlinear contact constraints based on dual Lagrange mul-
tipliers is described in Section 6 together with the integration of
the mortar matrices. In Section 7, the F-bar formulation employed
is brieﬂy reviewed. Then, in Section 8 the solution procedures em-
ployed, based on the so-called primal–dual active set strategy, with
and without complementary functions, are presented. Various
examples in Section 9 examine the effects of the complementarity
parameters on the solution behavior and demonstrate the robust-
ness and accuracy over existing approaches. Finally, conclusion re-
marks are given in Section 10.2. Problem description
The kinematical description of the contact problem with ﬁnite
deformations and ﬁnite sliding is described in Fig. 1. The motion,
x, is described by a mapping u between the reference conﬁgura-
tion X (at time 0) and current conﬁguration x (at time t),
x ¼ uðX; tÞ: ð1Þ
Therefore, the vector of nodal displacements, u, is obtained from the
reference conﬁguration, as follows,
uðX; tÞ ¼ xðX; tÞ  X: ð2Þ
Solid bodies in the reference conﬁguration, are denoted by Xs0 and
Xm0 , X
s
0 [Xm0 ¼ X0 : X  R2
 
and the superscripts s andm represent
eˆ3
eˆ1
eˆ2
Xˆm
um
Xs
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Fig. 1. Illustration of the two bodies ﬁnite deformation contact problem.
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Slave and a Master body. The boundaries of subset X0 are divided
in a contact zone, Cc ¼ Csc [ Cmc
 
, a Neumann boundary, CN and a
Dirichlet boundary CD; Cc [ CN [ CD ¼ C : C  Rf g. The spatial
counterparts of the three boundaries are denoted by cc , cN and cD,
respectively. Furthermore, it is assumed that the bodies are only
subjected to body forces, b, and applied boundary tractions, t^.
Therefore, the Boundary Value Problem (BVP), in terms of the dis-
placement vector, u and the Cauchy stress tensor, r, is deﬁned as
follows:
div riðuÞ þ bi ¼ 0 in Xit ;
riðuÞni ¼ t^i on ciN;
ui ¼ u^i on ciD; i ¼ s;m;
ð3Þ
where the prescribed displacement on the Dirichlet boundary is
represented by u^i and the current outward unit normal vector on
cN is represented by ni. Index i emphasizes that the BVP condition
must be attained for all bodies involved. The deformation gradient,
F, with respect to the reference conﬁguration, X0, is given by
F ¼ ruðX; tÞ ¼ @uðX; tÞ
@X
¼ @x
@X
; ð4Þ
The determinant of the deformation gradient has to be greater than
zero, J ¼ detðFÞ, in order for the motion of the bodies to be
meaningfull.
2.1. Contact constraints
For enforcing the contact constraints at normal and tangential
directions, the surface tractions deﬁned on the slave surface, tsc ,
are decomposed as follows,
tsc ¼ pnnþ tss; pn ¼ tsc  n; ts ¼ tsc  s; ð5Þ
where n represents the current outward unit normal on the slave
surface, csc , in xs and s is the tangential vector, deﬁned as
s ¼ e^3  n, see Fig. 1.
In the normal direction, the non-penetration condition is ful-
ﬁlled by evaluating the relative distance (gap) between, xs, on the
slave surface and, x^m, over the master surface in the current conﬁg-
uration – see Fig. 1. The caret represents that x^m is the closest
projection of xs onto the master surface, cmc . This gap vector is
obtained, in the current conﬁguration, as follows,gðXs; tÞ ¼ ½xsðXs; tÞ  x^mðbXm; tÞ: ð6Þ
Then, the computation of the normal distance between xs and x^m
yields the deﬁnition of the scalar-valued gap function,
gðXs; tÞ ¼ nðxsðXs; tÞÞ  gðXs; tÞ: ð7Þ
Together with the deﬁnition of a non-positive normal contact trac-
tion, pn, the gap function creates a set of inequalities known as the
Karush–Kuhn–Tucker (KKT) conditions,
gðXs; tÞP 0; pn  0; pngðX; tÞ :¼ 0: ð8Þ
Therefore, the KKT conditions are responsible for enforcing a non-
penetration relation on the normal direction of cc .
In the tangential direction, the frictional conditions can be given
by Coulomb’s law:
x :¼ jtsj  ljpnj  0; ð9Þ
b ¼ #sðX
s; tÞ
ts
P 0; ð10Þ
with the relative tangential velocity, #sðXs; tÞ, deﬁned as the rate of
change:
ðÞ

¼ dðÞ
dt
	 ð Þt  ð ÞtDt
Dt
; ð11Þ
of the gap vector in the tangential direction, Eq. (6),
#sðXs; tÞ ¼ s½xsðXs; tÞ  _gðXs; tÞ: ð12Þ
Tangential stresses below the Coulomb threshold, x < 0, Eq.
(9), imply a tangential velocity, #s, equal to zero, commonly called
as stick/static state. When tangential stresses are at the Coulomb
limit, they are opposed by the relative tangential velocity. In this
case, we have a slip/kinectic state. The association of these two
deﬁnitions generates the following state equation,
wb ¼ 0: ð13Þ3. Constitutive modeling: ﬁnite inelastic deformations
The modeling of nonlinear solid material behavior has under-
gone substantial development over the last decades and, as result,
a wide range of material models, incorporating elastic, viscoelastic
and viscoplastic material behavior are currently available
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hyperelastic based ﬁnite strain inelastic constitutive models, for-
mulated in the spatial conﬁguration, is considered here. A more de-
tailed discussion of the approach, which is well established and
widely accepted for the description of ﬁnitely deforming solids,
can be found in Crisﬁeld (1997) and de Souza Neto et al. (2008).
The main hypothesis underlying this class of models is the mul-
tiplicative decomposition of the deformation gradient, F, into an
elastic, Fe, and a plastic, Fp, contributions,
F ¼ FeFp; ð14Þ
which was ﬁrst introduced by Lee (1969) and admits the existence
of a local unstressed intermediate-conﬁguration deﬁned by the
plastic deformation gradient, Fp. The polar decomposition of the
elastic and plastic deformation gradients leads to:
Fe ¼ ReUe ¼ VeRe; Fp ¼ RpUp ¼ VpRp; ð15Þ
where Ue and Up are the elastic and the plastic right stretch tensors,
Ve and Vp are the elastic and plastic left stretch tensors and Re and
Rp the elastic and plastic rotation tensors.
The velocity gradient, L ¼ _FF1, can be decomposed additively
as,
L ¼ Le þ FeLp½Fe1; ð16Þ
where the elastic, Le, and plastic, Lp, velocity gradients are deﬁned
by:
Le ¼ _Fe½Fe1; Lp ¼ _Fp½Fp1: ð17Þ
The plastic stretch, Dp, and the plastic spin,Wp, tensors can also
be deﬁned as:
Dp ¼ sym ðLpÞ; Wp ¼ skew ðLpÞ: ð18Þ
The rotation of the plastic stretch, Dp, to the deformed conﬁguration
lead us to:
dp ¼ ReDp½ReT ¼ Resym ð _Fp½Fp1Þ Re½ T : ð19Þ
Following the formalism of thermodynamics with internal vari-
ables, an isotropic hyperelastic constitutive equation can be
obtained:
T ¼ q @w
e
@ee
¼ De : ee ¼ ½2GIþ 1ðI
 IÞ : ee; ð20Þ
where T ¼ Jr is the Kirchhoff stress, q is the reference mass density,
De denotes the fourth-order isotropic constant elastic tensor with I
and I given in component form as Iij ¼ dij and Iijkl ¼ 12 ½dikdjl þ dildjk.
Eq. (20) is derived from the so-called Henky strain energy function,
weðeeÞ, which is generally accepted for a wide range of applications,
given by,
we 1e1; 1
e
2; 1
e
3
  ¼ G ln 1e1 2 þ ln 1e2 2 þ ln 1e3 2 þ 12 1 ln Jeð Þ2
 
; ð21Þ
where G and 1ei represent the bulk modulus and the principal
stretches, respectively, and Je ¼ 1e11e21e3 is the Jacobian. The eulerian
logarithmic elastic strain tensor is employed as strain measure,
which can be deﬁned by,
ee ¼ lnðVeÞ ¼ 1
2
lnðBeÞ ¼ 1
2
lnðFe½FeTÞ; ð22Þ
where lnðÞ denotes the tensorial logarithm of ðÞ and Be ¼ ½Ve2 is
the elastic Cauchy–Green strain tensor.
The evolution law for the plastic deformation gradient, Fp,
adopted here, is deﬁned in terms of the plastic multiplier, _cp, and
of a generic plastic ﬂow potential, wðT;AÞ, expressed as a function
of the Kirchhoff stress and the themodynamic force set, A:dp ¼ _cp @wðT;AÞ
@T
: ð23Þ
Combining the deﬁnition of the rotated plastic stretch, Eq. (19),
with the constitutive law, Eq. (23), and the assumption of zero plas-
tic spin,Wp ¼ 0, the following evolution for the plastic deformation
gradient can be obtained:
_Fp½Fp1 ¼ _cp½ReT @w
@T
Re: ð24Þ
The evolution equation for the set of internal variables is given by,
_a ¼ _cpHðT;AÞ; ð25Þ
where HðT;AÞ, represents a constitutive function and _cp is the
plastic multiplier. In order to deﬁne the onset of plastic ﬂow, a gen-
eral yield function, UðT;AÞ, is introduced. Together with the plastic
multiplier, the yield function must comply with the standard com-
plementarity relations (loading/unloading criterion),
U  0; _cp P 0; _cpU ¼ 0: ð26Þ
The ﬁnite strain hyperelastic-based model described here per-
mits a convenient extension of the general isotropic inﬁnitesimal
elasto-plastic models to the ﬁnite strain range.
4. Weak form
Having deﬁned the contact constraints and the constitutive
model employed, the next step consists in deriving the weak for-
mulation of the BVP with contact conditions, Eq. (3). Therefore,
the vector valued solution space, U i, containing the admissible dis-
placement ﬁeld u  fus;umg is deﬁned on the Sobolev space of
functions, H1ðXiÞ, as,
U i :¼ uij 2 H1ðXiÞ
h i
: uij

CiD
¼ u^ij; j ¼ s;m
	 

; ð27Þ
while the weighting space, V i, for the virtual displacements, du, is
given by,
V i :¼ duij 2 ½H1ðXiÞ : duij

CiD
¼ 0; j ¼ s;m
	 

: ð28Þ
Using the principle of virtual work in the current conﬁguration,
the problem is reduced to ﬁnding ui 2 U i, such that,
dPðu; duÞ ¼ dPint;ext u; duð Þ þ dPc u; duð Þ ¼ 0; 8 dui 2 V i
 
; ð29Þ
where dPint;extðu; duÞ is the standard virtual work from the internal
and external forces while, dPcðu; duÞ, represents the contact virtual
work. The former can be computed for each body as:
dPiint;extðui; duiÞ ¼
Z
u Xi0ð Þ
ri  grad dui  dX Z
u Xi0ð Þ
bi  dui dX

Z
u CiNð Þ
t^i  dui dcN: ð30Þ
Using the balance of linear momentum at the contact interface,
tscdcsc ¼ tmc dcmc , it is possible to obtain the contact virtual work as
the integral – over the slave side – of the work done by the contact
traction tsc ,
dPc u; duð Þ ¼ 
Z
csc
tsc  dus  dum½ dcsc: ð31Þ
In order to formulate the problem using the Lagrange multiplier
method, the negative contact tractions are identiﬁed with the
Lagrange multiplier vector, such that,
k ¼ tsc ) kn ¼ pn; ks ¼ ts: ð32Þ
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sion for contact virtual work is obtained,
dPc u; du; kð Þ ¼
Z
csc
k  dus  dumð Þdcsc: ð33Þ
A weak form of the non-penetration condition, Eq. (8)1, can then be
derived as,
dg ¼
Z
csc
dkn gðXs; tÞ½  dcsc P 0; 8 dkn 2Mf g; ð34Þ
where M represents the chosen space for the lagrangian multipli-
ers. In a similar way, the contact conditions in the tangential direc-
tion, Eq. (10), are weakly enforced,Z
csc
dks #sðXs; tÞ  bksð Þ½  dcsc ¼ 0; 8 dks 2Mf g: ð35Þ
The remaining contact conditions in both normal and tangential
directions are enforced pointwise. Therefore, the KKT conditions,
after inserting the lagrangian multipliers, lead to the following set
of normal conditions,
dgðXs; tÞP 0; kn P 0; kngðXs; tÞ ¼ 0: ð36Þ
In the tangential direction, the remaining constraints are enforced
as follows,
x :¼ jksj  ljknj  0;bP 0;xb ¼ 0: ð37Þ5. Incremental form
5.1. Numerical integration algorithm
The solution of the constitutive model, described in Section 3,
deﬁned by the corresponding rate constitutive equations and a
set of initial conditions is not usually known for complex deforma-
tion paths. Therefore, the use of a numerical algorithm for
integration of the rate constitutive equations is essential.
Algorithms based on the operator split methodology are partic-
ularly suitable for numerical integration of the evolution problem
and have been widely used in computational plasticity (Crisﬁeld,
1997; de Souza Neto et al., 2008). Here, such an operator split
method is used in the numerical integration of the elasto-plastic
constitutive equations. An essential point in the derivation of the
algorithm is the exponential approximation employed in the
discretization of the plastic ﬂow rule, in the plastic corrector stage,
which was ﬁrstly employed in the computational literature by
Weber and Anand (1990). It leads to the following incremental
evolution equation:
Fpnþ1 ¼ exp Dcp Renþ1
 T@U
@T

nþ1
Renþ1
 
Fpn
¼ Renþ1
 T exp Dcp@U
@T

nþ1
 
Renþ1F
p
n: ð38Þ
In addition, a one step backward Euler scheme is used to integrate
the evolution equation for the internal variable,
epnþ1 ¼ epn  Dcp
@U
@T

nþ1
: ð39Þ
It can be shown that the approximation of Eq. (38) results in the
following simpler update formula in terms of the logarithm euleri-
an strain tensor:
eenþ1 ¼ ee trialnþ1  Dcp
@U
@T

nþ1
; ð40Þ
which is valid whenever the elastic right Cauchy-Green tensor
Ce trialnþ1 ¼ Fe trialnþ1
h iT
Fe trialnþ1 and
@U
@T

nþ1 commute. Using Eq. (40) andimposing the elastic law at tnþ1, the following expression for the
stress tensor consistent with the exponential approximation,
Eq. (38), is obtained,
Tnþ1 ¼ De : ee trialnþ1  Dcp
@U
@T

nþ1
 
: ð41Þ
Consequently, the Cauchy stress is given by:
rnþ1 ¼ Renþ1Tnþ1 Renþ1
 
=det Uenþ1
 
: ð42Þ
Therefore, due to the use of logarithmic strains to describe elasticity
together with the exponential approximation, the stress updating
procedure can be written in the same format as the classical return
mapping schemes of inﬁnitesimal elasto-plasticity (see Ortiz and
Popov, 1985; Simo and Hughes, 1998; de Souza Neto et al., 2008).
Here, the numerical integration of the small strain von Mises consti-
tutive equations was undertaken with the backward Euler scheme.
5.2. The incremental boundary value problem
Assuming that the values of Fp and ep are known at a certain
time tn, the deformation unþ1 at a subsequent time tnþ1 will deter-
mine uniquely the value of r at time tnþ1, through the integration
algorithm. This deﬁnes the incremental constitutive relation:
rnþ1 ¼ r^ Fpn; epn;unþ1
 
: ð43Þ
Including Eq. (43) in the weak form of the equilibrium, the
incremental boundary value problem can be stated as follows:
given Fp and ep at time tn and given the body force and surface trac-
tion ﬁelds at time tnþ1, ﬁnd the kinematically admissible conﬁgura-
tion u X0ð Þjnþ1, such that,Xs;m
i
Z
u Xi0ð Þjnþ1
r^i  grad dui  dX(  Z
u Xi0ð Þjnþ1
binþ1  dui dX

Z
u CiNð Þjnþ1
t^inþ1  dui dcN
)

Z
u Cscð Þjnþ1
knþ1 dus  dum½  dcsc ¼ 0;
8 dui 2 V i : ð44Þ
6. Spatial discretization
In order to solve the incremental boundary value described in
Section 5, a ﬁnite element discretization is introduced. Therefore,
the functional sets U i;V i andM are replaced by their discrete coun-
terparts, U i h; V i h and Mf gh.
Remark 1. In what follows, the notation related with time/
pseudo-time will be omitted for the sake of simplicity since all
parameters and variables are deﬁned at tnþ1.
Discretization of the bodies is performed using four-noded ele-
ments with bilinear shape functions for the domain, which lead to
a piecewise linear interpolation along the surface (i.e., two node
linear elements along the boundary). Consequently, the geometri-
cal coordinates of the slave and master surface elements are
approximated by interpolation of the their nodal coordinates, xi,
as follows,
xs 	 xsf gh

Cscf gh ¼
Xns
k¼1
NskðnsðXsÞÞxsk; ð45Þ
xm 	 xmf gh

Cmcf gh
¼
Xnm
l¼1
Nml ðnmðbXmÞÞxml ð46Þ
and the displacement ﬁeld interpolation is obtained from the nodal
displacements, di, in a similar way,
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
Cscf gh ¼
Xns
k¼1
NskðnsðXsÞÞdsk; ð47Þ
um 	 umf gh

Cmcf gh ¼
Xnm
l¼1
Nml ðnmðbXmÞÞdml : ð48Þ
Here, ns and nm denote the number of nodes on the slave and master
boundary side, respectively. The slave and master element shape
functions are represented by Ni and are deﬁned with regard to a
surface element parametrization ni 2 ½1;1.
The set of lagrangian multipliers k is approximated by a one-
dimensional discretized space,Mh M on the slave surface, such
that,
kh ¼
Xns
j¼1
/j n
s Xsð Þð Þzj; ð49Þ
where, / is the so-called dual shape functions (Wohlmuth, 2000), zj
is the lagrangian multiplier on the slave node j ¼ 1; . . . ;nsf g and ns
represents the number of nodes on the slave side.
6.1. Discretization of the contact virtual work
Replacing the displacement, u, the incremental displacement,
du, and the vector of lagrangian multipliers, k, in Eq. (33) by their
respective interpolations, yields the discretized form of the contact
virtual work,
dPc 	 dPhc ¼
Z
cscf gh
kh  dusf gh  dumf gh
h i
dcsc
¼
Xns
j¼1
Xns
k¼1
ddsk
 TZ
cscf gh
/jN
s
k dc
s
c
(

Xnm
l¼1
ddml
 TZ
cscf gh
/jN
m
l dc
s
c
)
zj: ð50Þ
Moreover, by introducing the Mortar matrices, D 2 Rf2nsgf2nsg and
M 2 Rf2nsgf2nmg,
D½j;k ¼
Z
cscf gh
/jN
s
k dc
s
c I2; ð51Þ
M½j;l ¼
Z
cscf gh
/jN
m
l dc
s
c I2; ð52Þ
it is possible to rewritte Eq. (50), in it’s algebraic form,
dPhc ¼ dds
 T
D ddm TMTn oz; ð53Þ
where I2 is the identity matrix in R22. The nodal test function
values and the discrete nodal values are conveniently expressed
in matrix notation by the global vectors dds; ddm and z.
6.2. Discretization of the contact constraints
To complete the description of the contact problem, a discret-
ized form of the contact constraints is needed. In the normal direc-
tion, the introduction of the interpolation of displacements and
lagrangian multipliers into Eq. (34) yields the following discretized
form of the weak non-penetration condition (Popp et al., 2009),
dg 	 dgh ¼ 
Z
cscf gh
dknf ghn xsf gh  x^mf gh
h i
dcsc
¼ 
Xns
j¼1
Xns
k¼1
dznf gj
Z
cscf gh
/jN
s
kn
T
j dc
s
c x
s
k
( )
þ
Xns
j¼1
Xnm
l¼1
dznf gj
Z
cscf gh
/jN
m
l n
T
j dc
s
c x
m
l
( )
P 0: ð54ÞThen, introducing a vector of discretized weighted gaps, ~g 2 Rns , and
a vector of nodal values of the normal contact stresses, dz 2 Rns ,
yields the algebraic form of Eq. (54),
d~gh ¼ dz½ T~g; ð55Þ
where a single entry, ~gj, of ~g is given by,
~gj ¼  nj
 T D j;j½  xsjh iXnm
l¼1
M j;l½  xml
 ( )
: ð56Þ
The discretization of the tangential contact constraints adopted
here has been proposed in Gitterle et al. (2010) and is only brieﬂy
addressed. For the tangential direction, an additional interpolation
bh of b, Eq. (10), is required
b 	 bh ¼
Xns
b¼1
qb n
s Xsð Þð Þbb; ð57Þ
where bb are discrete nodal values and qb are the shape functions,
which fulﬁll an additional condition in order to decouple the
lagrangian multipliers (Gitterle et al., 2010). Replacing the terms
of Eq. (35) by their interpolated forms, yields,Z
csc
dks #sðX; tÞ  bks½  dcsc;
	
Z
cscf gh
dkhs #
h
sðX; tÞ  bhkhs
h i
dcsc;
¼
Xns
j¼1
Xns
k¼1
dzsf gj sj
 TZ
cscf gh
/jN
s
kdc
s
c
_xsk

Xns
j¼1
Xnm
l¼1
dzsf gj sj
 TZ
cscf gh
/jN
m
l dc
s
c
_xml

Xns
j¼1
Xns
b¼1
Xns
p¼1
dzsf gj sj
 TZ
cscf gh
/jqb/pbbzp dc
s
c ¼ 0; ð58Þ
which in nodal form is denoted by,
 sj
 TD j;j½  _xsjh iþ sj TXnm
l¼1
M j;l½  _xml
 
 sj
 TXns
b¼1
Xns
p¼1
Z
cscf gh
/jqb/pbbzp dc
s
c ¼ 0: ð59Þ
Furthermore, by employing an appropriate measure for the tan-
gential velocity, ~#s, and a backward Euler scheme, it is possible to
obtain the discretized form of the weak tangential condition, at a
time tn, for each slave node j,
 sj
 T _D j;j½  Xsj þ dsjh i sj TXnm
l¼1
_M j;l½  X
m
l þ dml
 ( )  Dtn
 sj
 TZ
cscf gh
/jbj dcsc
( )
zjDtn ¼ 0; ð60Þ
which can be written in the following condensed form:
~usf gj  ~bs
n o
j
zsf gj ¼ 0: ð61Þ6.3. Integration of mortar matrices
The evaluation of the mortar matrices D and M, previously
introduced in expressions (51) and (52), is adressed in this section.
While the numerical integration of matrix D is relatively straight-
forward due to biorthogonality, the computation of matrixM is far
more complex. In this case, the integrand of expression (52) has got
terms deﬁned on two different surfaces and, therefore, the mortar
integral must be carefully subdivided into contact segments. The
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(2005) and for the sake of simplicity only the ﬁnal expressions
for the mortar matrices are presented:
D½j;k ¼
Z
cscf gh
/jN
s
kdc
s
c I2 ¼
Z
cscf gh
Nsj dc
s
c I2 ¼ D j;j½  I2;
D½j;j ¼
Xnsele
e¼1
Z þ1
1
Nsj n
s
e
  @x
@nse
  dnse ¼Xn
s
ele
e¼1
le
2
; ð62Þ
M½j;l ¼
Z
cscf gh
/jN
m
l dc
s
c I2 ¼ M½j;l I2;
M½j;l ¼
Xnsele
e¼1
Xnmseg
m¼1
Z þ1
1
/j n
s
e fmð Þ
 
Nmj n
s
e fmð Þ
  @x
@nse
  @nse@fm dfm
¼
Xnsele
e¼1
Xnmseg
m¼1
Xngp
gp¼1
/j n
s
e f
gp
m
  
Nmj n
s
e f
gp
m
   @x
@nse
  @nse@fm wgp: ð63Þ
6.4. Discretized problem
In order to make the notation clearer, the ﬁnite element nodes
of the problem are grouped into three subsets: the setM of poten-
tial contact nodes on the mortar side, the set S of potential contact
nodes on the slave side and the set N of all remaining nodes.
Therefore, the vector of global nodal displacements can be repre-
sented by:
d ¼ dN ; dM; dS½ T : ð64Þ
An equivalent notation is employed for the geometry and vir-
tual displacements. Consequently, the discretized contact virtual
work, Eq. (53), can be expressed in matrix form,
dPhc ¼ ½ddT DMT
h i
z; ð65Þ
from where the contact forces can be retrieved,
fcðd; zÞ ¼ 0; MT ; D
h i
z: ð66Þ
The weak form of equilibrium, Eq. (44), can then be expressed
by the following non-linear algebraic system:
f intðdÞ  fext þ fcðd; zÞ ¼ 0; ð67Þ
where f int and fext are, respectively, internal and external global
force vectors resulting from assemblage of the element vectors for
each body:
f iðeÞint ¼
Z
u XiðeÞ0ð Þ
B½ TSnþ1 dXi; ð68Þ
f iðeÞext ¼
Z
u XiðeÞ
0ð Þ
N½ Tbnþ1 dXi þ
Z
u XiðeÞ
0ð Þ
N½ T t^nþ1 dciN ; ð69Þ
with B and N being the standard discrete symmetric gradient oper-
ators and the interpolation matrix of the element ðeÞ, respectively.
The vector Snþ1 contains the Cauchy stress components delivered
by the algorithmic constitutive function.
It is important to remark that Eq. (67) is highly non-linear. From
one side, the internal force vector is a non-linear function of the
displacements due to the ﬁnite inelastic deformations involved.
On the other hand, the contact force vector also depends nonlin-
early on the displacements since the mortar matrices are
computed over the deformed conﬁguration.
The overall discretized problem is composed by the discretized
equilibriumequations, Eq. (67), the discretizedKarush–Kuhn–Tucker
conditions:~gf gj P 0; znf gj P 0; znf gj ~gf gj ¼ 0; ð70Þ
and the discretized relation for the tangential contact stresses:
xj ¼ zsf gj
  l znf gj   0;
~usf gj  ~bs
n o
j
zsf gj ¼ 0;
~bs
n o
j
P 0; xj ~bs
n o
j
¼ 0: ð71Þ
In previous expressions, the discrete nodal values zj of the lagrang-
ian multipliers have been split into a normal and a tangential part:
zj ¼ znf gjnj þ zsf gjsj; znf gj ¼ zj  nj; zsf gj ¼ zj  sj: ð72Þ
The contact constraints Eqs. (70) and (71) are expressed by a set of
inequality conditions which need to be solved with an appropriate
solution strategy.
7. F-bar formulation
In order to improve the performance of the four-node quadrilat-
eral displacement based ﬁnite element near the incompressibility
limit, the F-bar formulation proposed in de Souza Neto et al.
(1996), will be employed here. In this formulation, the standard
deformation gradient, F, is replaced with an assumed modiﬁed
(F-bar) deformation gradient. This deformation gradient is deﬁned
such that the (near-) incompressibility constraint is relaxed over-
coming the spurious locking which frequently occurs as a conse-
quence of the inability of low order interpolation polynomials to
adequately represent general volume preserving ﬁelds. Consider-
ing the analysis of large deformation elasto-plastic frictional con-
tact problems addressed in this work, these effects are even
more critical. In the F-bar formulation, the deformation gradient
F, at the Gauss point of interest and the deformation gradient at
the centroid of the ﬁnite element, F0, are split into a volumetric
and deviatoric components:
F ¼ FisoFv ; F0 ¼ F0f giso F0f gv : ð73Þ
An F-bar element is obtained from the standard ﬁnite element by
replacing the volumetric component of the deformation gradient,
Fv by the volumetric component of the deformation gradient at
the centroid of the element, F0f gv . Therefore, the F-bar deformation
gradient, at a speciﬁc Gauss point, is the product of the isochoric
component of F with the volumetric component of F0:
F ¼ Fiso F0f gv ¼
detðF0Þ
detðFÞ
 1=3
F: ð74Þ
Particularly important in the present context is the fact that this
methodology preserves the displacement-based structure of the ﬁ-
nite element equations as well as the strains-driven format of stan-
dard algorithms for integration of the inelastic constitutive
equations.
8. Solution procedure
The contact problem, which is described by the discretized sys-
tem of equations (67) and constraints (70) and (71), is essentially a
minimization problem with inequality constraints. This problem
can be solved with a primal–dual active set strategy proposed by
Hintermüller et al. (2003) and ﬁrst applied to contact problems
by Hüeber and Wohlmuth (2005b). It consist in ﬁnding the set of
active contacting nodes, A, and the set of inactive nodes, I , of the
slave set S ¼ A [ If g while minimizing the contact constraints.
The search for the sets A and I is performed by solving the non-
penetration function for every slave node, j,
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This search can be extended to include the subset of active contact
nodes sticking, Q, and the subset of active contact nodes sliding, L.
This can be achieved by solving the frictional condition, Eq. (71)1,
for every slave node, j.
The determination of the sets I and A, together with the sub-
sets Q and L, allows the problem to be stated with equality
conditions:
r ¼ f int dð Þ  fext þ fc d; zð Þ ¼ 0;
~gj ¼ 0; 8 j 2 Af g;
znf gj ¼ 0; 8 j 2 If g;
~bs
n o
j
¼ 0; 8 j 2 Qf g
xj ¼ zsf gj
  l znf gj  ¼ 0; 8 j 2 Sf g
~usf gj  ~bs
n o
j
zsf gj ¼ 0; 8 j 2 Lf g: ð76Þ
To solve the frictional problem with a semi-smooth Newton meth-
od, two complementarity functions for the frictional constraints
must be introduced. The complementarity functions are non-con-
tinuous relations used to verify the frictional state of the contacting
nodes. They implicitly incorporate the distinction between inactive
nodes, active sticking nodes and active sliding nodes. This concept
was ﬁrst introduced to a Dual Mortar formulation by Hüeber et al.
(2008), for the Tresca frictional case. Later, complementarity func-
tions for Coulomb’s friction were proposed by Gitterle et al.
(2010). The complementarity function for the normal contact condi-
tions, which is described in detail in Popp et al. (2009), is deﬁned for
each slave node j 2 S as:
Cnf gj d; zj
  ¼ znf gj max 0; znf gj  cn~gj ; ð77Þ
For the tangential contact conditions, the complementarity func-
tions given in Gitterle et al. (2010) are deﬁned for each slave node
j 2 S as:
Csf gj d; zj
  ¼ zsf gj max l znf gj  cn~gjh i; zsf gj þ cs ~usf gj  
 l zsf gj þ cs~uj
h i
max 0; znf gj  cs~gj
h i 
: ð78Þ
The parameters cn and cs are positive constants that do not affect
the solution results but can inﬂuence the convergence behavior.
In the numerical examples, the impact of these parameters in the
solution of the class of problems addressed in this work will be
studied in detail.
The combination of the equilibrium equation (67) with the
complementarity functions for the contact conditions in the nor-
mal, expression (77), and tangential, expression (78), directions
leads to the following nonlinear system of equations:
r ¼ f int dð Þ  fext þ fc d; zð Þ ¼ 0; Cnf gj d; zj
  ¼ 0; 8 j 2 Sf g;
Csf gj d; zj
  ¼ 0; 8 j 2 Sf g: ð79Þ
Due to the max-operator and the Euclidian norm employed in
the two complementarity functions, they are continuous but
non-smooth and not uniquely differentiable. Therefore, this justi-
ﬁes the application of the semi-smooth Newton-Method (Christen-
sen, 1977; Hintermüller et al., 2003). The generalized derivative for
the max-function, (Popp et al., 2009), is deﬁned as:
f ðxÞ ¼ maxða; xÞ ! Df ðxÞ ¼ 0; if x 6 a;
1; if x > a:
	
ð80Þ
Therefore, the solution of the system of equations (79) treats mate-
rial and geometrical nonlinearities as well as nonlinearities emerg-
ing from contact and friction.8.1. Primal–dual active set algorithms
The solution of the contact problem, with the so-called primal–
dual active set strategy (PDASS), can be obtained by solving either
the system of equations (76) or (79). In the ﬁrst case, two nested
iterative schemes are necessary. An outer loop for solving the ac-
tive set and an inner iteration for the nonlinear ﬁnite element
problem having the active set ﬁxed, see Table 1. This strategy has
been employed for the solution of dynamic problems (Hartmann
and Ramm, 2004) and non-linear material behavior with multigrid
methods in Brunssen et al. (2007), among others. In the second
case, due to the possibility of linearizing the system of equations
(79), an algorithm with a single iteration loop for the solution of
all sources of nonlinearity is obtained, see Table 2. This strategy
has been employed by several authors and proven to be very efﬁ-
cient (Hüeber et al., 2008; Popp et al., 2009; Gitterle et al., 2010).
Here, both PDASS will be applied to the simulation of frictional
contact problems undergoing ﬁnite strains and inelastic material
behavior. A comparison of both approaches will be conducted, in
the numerical examples, in order to assess their performance in
the solution of large inelastic deformations and metal forming
problems.
8.2. Matrix representation
In order to solve the nonlinear system of equations (79) with a
semi-smooth Newton algorithm, it is necessary to perform the full
linearization of r;Cn and Cs and then convert the linear system into
an algebraic form. In the following, the matrix representation of
these directional derivatives is provided for completeness. More
information regarding the linearization of each term can be found
in Hüeber et al. (2008), Popp et al. (2009), and Gitterle et al. (2010).
The linearization of r includes the derivation of the internal force
vector f intðdÞ and the contact force vector fcðd; zÞ since we assume
that the external loads are independent of the displacement d.
Therefore, the derivation of the internal force vector f intðdÞ leads
to the corresponding tangent stiffness matrix K 2 Rð2nx2nÞ which,
in the case of the F-bar formulation employed in this work, is ob-
tained by the assemblage of the element stiffness matrices (de Sou-
za Neto et al., 1996):
Ke ¼
Z
uðXe0Þ
GT ½a½GdXþ
Z
uðXe0Þ
GT ½q½G0  GdX; ð81Þ
where G is the standard discrete spatial gradient operator, G0, is the
gradient operator at the element centroid, a denotes the matrix
form of the fourth order spatial elasticity tensor evaluated at F ¼ F,
a½ ijkl ¼
1
detðFÞ FjpFtqAipkq ð82Þ
and q is the matrix form of the fourth order tensor deﬁned by:
q ¼ 1
3
a : ½I
 I  2
3
½r
 I; ð83Þ
also computed at F ¼ F. In expression (82), Aipkq denotes the compo-
nents of the ﬁrst elasticity tensor.
The assemblage of the vector of unknowns (primal–dual pair),
the right-hand side vector (residual forces, non-pentration func-
tions and complementarity functions) and the stiffness matrix
leads to the following iterative global system of equations:
Kk Ddk þ zkþ1
h i
¼  rþ ~gþ Cs½ k: ð84Þ
whereDd represents the global displacement incremental vector and
z is the vector of nodal lagrangian multipliers. Then, subdividing the
surfacedomain into theﬁvedifferent subsets N ;M; I ;Q;Lf g, the fol-
lowing equation system is obtained,
Table 1
Nested iterative strategy within a load step.
1. Set I ¼ 0 and k ¼ 0. Initilize d0; z0;A0 and I0,such that
S ¼ A0 [ I0;A0 \ I0 ¼ ; and A0 ¼ Q0 [ L0.
2. Loop over the active set k,
3. Loop over I,
4. Solve the linearization of (76) for (DdIþ1; zIþ1):
Dr dI; zI
 
¼ rI;
D~gIj ¼ ~gIj ; 8 j 2 Ak
 
;
znf gIþ1j ¼ 0; 8 j 2 Ik
 
;
~bs
n oI
j
¼ 0; 8 j 2 Qk ;
~usf gIj  ~bs
n oI
j
zsf gIþ1j ¼ 0; 8 j 2 Lk
 
:
5. Update dIþ1 ¼ dI þ DdIþ1
6. Update the sets Akþ1; Ikþ1;Qkþ1 and Lkþ1 with
Akþ1 :¼ j 2 S j znf gIþ1j P D~gIþ1j  dIþ1  n
h in o
Ikþ1 :¼ S=Akþ1;
Qkþ1 :¼ j 2 Akþ1 j l znf gIþ1j
h i
6 zsf gkþ1j
n o
;
Lkþ1 :¼ Akþ1=Qkþ1:
7. Active set check
IF Ikþ1 ¼ I k;Qkþ1 ¼ Qk and Lkþ1 ¼ Lk
THEN GOTO 8
ELSE Set I ¼ 0; k ¼ kþ 1 and GOTO 2.
8. Convergence check
IF rtotk k 6 Er , GOTO Next increment
ELSE set I :¼ Iþ 1 and GOTO 3.
Table 2
Single iterative strategy within a load step.
1. Set k ¼ 0 and initial conditions d0; z0. Initialise A0 andI0, such that
S ¼ A0 [ I0,A0 \ I0 ¼ ; and A ¼ Q0 [ L0.
2. Loop over k.
3. Solve the linearization of (79) for (Ddkþ1; zkþ1):
Dr dk ; zk
 
¼ rk;
zkþ1j ¼ 0; 8 j 2 Ik
 
;
D~gkj ¼ ~gkj ; 8 j 2 Ak
 
;
D Csf gkj ¼  Csf gkj ; 8 j 2 Lk
  _ j 2 Qk ;
4. Update dkþ1 ¼ dk þ Ddkþ1.
5. Set Akþ1; I kþ1;Qkþ1 and Lkþ1 to
Akþ1 :¼ j 2 S j znf gkþ1j > cn~gkþ1j
n o
;
Ikþ1 :¼ S=Akþ1;
Qkþ1 :¼ j 2 Akþ1 j l znf gkþ1j  cn~gkþ1j
h in
> zsf gkþ1j þ cs ~usf gkþ1j
 o;
Lkþ1 :¼ j 2 Akþ1 j l znf gkþ1j  cn~gkþ1j
h in
6 zsf gkþ1j þ cs ~usf gkþ1j
 o:
6. Convergence check
IF Ikþ1 ¼ Ik ;Qkþ1 ¼ Qk;Lkþ1 ¼ Lk and rktot
  6 Er ,
THEN GOTO Next increment
ELSE set k :¼ kþ 1 and GOTO 2.
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KMN ~KMM ~KMI ~KMQ ~KML MTI MTQ MTL
KIN ~KIM ~KII ~KIQ ~KIL DI 0 0
KQN ~KQM ~KQI ~KQQ ~KQL 0 DQ 0
KLN ~KLM ~KLI ~KLQ ~KLL 0 0 DL
0 0 0 0 0 II 0 0
0 ~MA ~DAI ~DAQ ~DAL 0 0 0
0 HQ FQI FQQ FQL 0 QQ 0
0 JL GLI GLQ GLL 0 0 LL
266666666666666664
377777777777777775

DdN
DdM
DdI
DdQ
DdL
zI
zQ
zL
266666666666664
377777777777775
¼ rN ; rM; rI ; rQ; rL; 0; ~gA; Csf gQ; Csf gL
 T
: ð85Þ
The matrices K and ~C contain the linearization of the internal
force vector and the contact force vector, respectively. The blocks
~Kı| are the sum of the aforementioned matrices, for diferent com-
binations of subsets ı; | 2M[ Sf g,
~Kı| ¼ Kı| þ ~Cı|: ð86Þ
The matrices F;H;Q ;G; J and L contain the directional derivatives
obtained from the linearization of Eq. (78). The ﬁrst ﬁve rows of
the system (85) represent the force equilibrium, Eq. (67). The sixth
row enforces the contact constraints over the inactive nodes, while
the seventh row is concerned with the non-penetration condition
on the active nodes. Matrices ~D and ~M are obtained from the line-
arization of Eqs. (51) and (52), respectively. Eight and Ninth rows
enforce the tangential conditions for both sticking, Q, and sliding,
L, contact nodes.
The global system depicted in Eq. (85) displays an increase of
bandwidth (lagrangian multipliers) from the initial non-con-
strained form. However, the key asset of introducing a dual basis
for the lagrangian multipliers is that they can be locally removed
from Eq. (85), such that,z ¼ D1 eKSNDdN þ eKSMDdM þ eKSSDdS  rSh i: ð87Þ
Hence, the equations related to the enforcement of contact con-
straints on the inactive set can be eliminated from the system and
a pure displacement problem is obtained,
KNN KNM KNI KNQ KNLbKAN bKAM bKAI bKAQ bKAL
KIN ~KIM ~KII ~KIQ ~KIL
0 ~MA ~DAI ~DAQ ~DAL
KQN KQMHQ KQI FQI KQQFQQ KQL FQL
KLN KLM JL KLI GLI KLQGLQ KLL GLL
26666666664
37777777775

DdN
DdM
DdI
DdQ
DdL
266666664
377777775
¼
rN
rMþ D1A MA
h iT
rA
rI
~gA
QQD
1
Q rQ Csf gQ
LLD
1
L rL  Csf gL
266666666664
377777777775
ð88Þ
where the two matricial functions, K^A| and Kı|, are introduced to
facilitate the notation of this condensed system. They are con-
structed from the primary matrices in Eq. (85) and described by
suitable combinations of the subsets ı and |, as follows,
K^A| ¼
KM| þ D1A MTAKA| for | ¼ Nf g;eKM| þ D1A MTA eKA| for | – Nf g:
(
ð89Þ
Kı| ¼
PıD
1
ı Kı| for ı ¼ Qf g ^ | ¼ Nf g;
PıD
1
ı
eKı| for ı ¼ Qf g ^ | – Nf g;
LıD
1
ı Kı| for ı ¼ Lf g ^ | ¼ Nf g;
LıD
1
ı
eKı| for ı ¼ Lf g ^ |– Nf g:
8>>><>>: ð90Þ
Fig. 2. Pressurized spheres contact problem: geometry and ﬁnite element mesh
(dimmensions in mm).
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In this section, ﬁve numerical examples are presented to dem-
onstrate the accuracy and efﬁciency of the Dual-Mortar approach
against the traditional node-to-segment penalty contact formula-
tion, widely used in commercial ﬁnite element codes. Furthermore,
the performance of the solution methods described in Section 8.1
will also be addressed for frictional contact problems with deform-
able bodies undergoing ﬁnite strains with inelastic material behav-
ior. In the ﬁrst two problems, the contact forces are predominantly
normal to the surfaces involved and therefore friction plays a
minor role. The last three examples focus on the computation of
the tangential forces in the presence of ﬁnite strains. The examples
are presented in such a way that the degree of nonlinearity (i.e.,
deformable bodies, friction, inelastic material behavior, etc.)
increases problem by problem.
Four real materials were employed during the simulations: Pure
Aluminum, an Aluminum alloy, a Tungsten alloy and Mild Steel.
Their mechanical properties and coefﬁcients a and b for the
Ludwik–Hollomon equation (r ¼ ry þ ab) are listed in Table 3. All
examples employ the 4-node quadrilateral F-bar ﬁnite element,
described in Section 7, for the discretization of the geometry and
the 2-node linear mortar element for the discretization of the con-
tact surfaces. All the simulations presented in this sectionwere per-
formed with an implicit quasi-static ﬁnite element framework.
Unless otherwisementioned, the values chosen for the complemen-
tarity parameters were cn ¼ cs ¼ 1 and for the Penalty multipliers
were n ¼ s ¼ 104.9.1. Pressurized spheres
The ﬁrst example is the two-dimensional simpliﬁcation of the
pressurized spheres contact problem presented in Laursen et al.
(2012). In this problem, the contact surfaces are tied. Therefore,
as long the contact forces are transmitted properly, the two
spheres are expected to behave as a single structure. The simula-
tion is performed assuming y-axial symmetry, see Fig. 2. A distrib-
uted pressure of 690 MPa is applied to the inner sphere within 50
equal pseudo-time increments of DP ¼ 13:8 MPa. At the ﬁnal step,
the whole structure is expected to be under plastic deformation.
The material chosen for both spheres was the Aluminum alloy
and no friction is considered in this example.
The results for both methods (i.e., Penalty method and Dual-
Mortar single step strategy) have a good agreement during most
part of the simulation. Fig. 3 shows the results obtained for the
equivalent stress distribution at the last step of the simulation with
the single step Dual Mortar method.
There was no appreciable difference in the equivalent stress
contour between both methods. Nevertheless, the same conclusion
does not hold for the enforcement of contact constraints. In fact,
there was no relative displacement between the contact surfaces
while the deformation remained within the elastic domain, which
occurs for loads below 310 MPa. However, the value initially cho-
sen for the penalty multiplier is no longer large enough to enforce
the contact constraints as soon as plastic strains are reached. ThisTable 3
Material properties.
Materials Mechanical properties
E (GPa) G (GPa) m ry (MPa) a (MPa) b
Pure Aluminum 68.96 26 0.32 31 1574 0.220
Aluminum alloy 71.15 26 0.30 370 550 0.223
Mild Steel 210 76 0.33 830 600 0.210
Tungsten alloy 400 85 0.33 880 700 0.205led to the small penetration shown in Fig. 5. Increasing the normal
penalty multiplier, n, to 10
7 improves the results obtained by the
method, which become very similar to the ones obtained by the
Dual Mortar method, see Fig. 4. Nevertheless, due to this increase
of the normal penalty multiplier the ﬁrst increments presented
convergence difﬁculties since the stiffness matrix becomes slightly
ill-conditioned. In this example, it became clear that the Dual Mor-
tar method was able to enforce the contact constraints more accu-
rately and efﬁciently over the entire loading path. In fact, the total
number iterations required to solve the problem with the Penalty
method was equal to 251 and for the Dual Mortar scheme equal
to 189. An increase of 25% on the total number of iterations re-
quired throughout the whole simulation was observed in the
majority of the numerical examples presented in this work.9.2. Hertizian contact problem
The second example features an Hertizian cylinder-to-block
contact problem. This numerical example is a classical benchmark
in contact mechanics since it can be solved analytically. However,
the analytical solution is only valid as long the deformation is kept
small and within the elastic domain. The problem involves a Mild
Steel cylinder that is pressed and pushed against an aluminium al-614 623 633 642 652 661595 604 671 680 690
Equivalent Stress
Fig. 3. Pressurized spheres contact problem: equivalent stress distribution for the
Dual Mortar method.
Fig. 4. Pressurized spheres contact problem: Dual Mortar method.
Fig. 5. Pressurized spheres contact problem: Penalty method.
Fig. 6. Hertizian contact problem: geometry and ﬁnite element discretization
(dimensions in mm).
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area is very small (non-conforming contact point) and a curved
contact surface is present. The simulation is conducted with the
two-dimensional plane-strain assumption. The geometry of the
problem and ﬁnite element mesh, employed to discretize the
geometry, are depicted in Fig. 6. Due to symmetry, only half mesh
is analyzed. A total number of 1400 elements was employed to dis-
cretize the block and 1431 elements for the discretization of the
cylinder. The contact surface was discretized with 25 2-node linear
mortar elements. A friction coefﬁcient of 0.1 was adopted in this
analysis. The analytical solution for this problem was derived from
the Hertizian contact formulae (Hertz, 2009; Jonhson, 1987) for
two cylinders, which deﬁnes the maximum contact pressure,
Pmax, the contact width, a, and the contact pressure along x-coordi-
nate P as:Pmax ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
FE
2pR
r
; ð91Þa ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8FR
pE
r
; ð92Þ
P ¼ Pmax
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
a
 r
; ð93Þ
where the combined elasticity modulus, E, is obtained from the
material parameters of the cylinder (Ec) and the block (Eb) as
follows:
E ¼ 2EpEb
Ec 1 m2b
 þ Eb 1 m2c  ; ð94Þ
and the combined radius, R, is evaluated from the radius of the cyl-
inder, R1, and block, R2, in a similar way. Nevertheless, since
R2 !1, the combined radius is reduced to the cylinder’s radius,
R ¼ lim
R2!1
R1R2
R1 þ R2 ¼ limR2!1
R1
R1=R2 þ 1 ¼ R1: ð95Þ
In order to compare the numerical results with the analytical
solution, the analysis was divided in two phases. In the ﬁrst phase,
a compressive point load of Fy ¼ 5kN is applied to the top of the
cylinder. Under this load, only elastic strains will occur, which
allows a direct comparison with the analytical solution. For the gi-
ven numerical parameters, the expected analytical results are:
Pmax ¼ 1577:32 N=mm2;
a ¼ 2:018 mm;
P ¼ 1577:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
a
 2r
:
In the second phase of the analysis, the point load is increased
to Fy ¼ 12:5 kN, which leads to the appearance of plastic strain
on both bodies. For this phase the analytical solution no longer
holds.
9.2.1. Elastic domain
In the ﬁrst phase of the case study, the applied load yields a
maximal equivalent stress at x ¼ 0 equal to 327 N=mm2. This pres-
sure is below the yield stress of both materials employed, which
guarantees that no plastic strains are developed. In addition, at this
point, frictional forces are negligible. The load between the contact
surfaces is well transferred and the convergence of the problem for
the elastic increment, which is the ﬁrst increment depicted in
Table 4, is quadratic for both methods. The relative residual norm
1708 T. Doca et al. / International Journal of Solids and Structures 51 (2014) 1697–1715is below 1010 in 4 iterations for the Penalty method and 3 itera-
tions for the Dual Mortar method. A comparison between the ana-
lytical solution for the normal force with the results obtained by
the numerical simulations, with both methods, is depicted in
Fig. 7. Despite the small differences on the normal forces, both
methods have a reasonable agreement.Fig. 7. Hertizian contact problem: contact pressure evolution in the elastic domain.9.2.2. Plastic domain
In the second phase, under the action of a vertical force equal to
Fy ¼ 12:5 kN, the contact surfaces develop plastic deformation. For
this phase, the excessive non-physical oscillation of normal forces
predicted by the NTS-Penalty method makes it no longer reliable,
see Fig. 8. The convergence rate also decreases for the Penalty
method, as can be observed for increments 150 and 200 in Table 4.
In contrast, the Dual-Mortar method preserves the spatial conver-
gence rate regardless the presence of plastic strains. It is important
to remark that the relative residual norm of the Dual Mortar meth-
od is always smaller than the Penalty method, which helps the
convergence. Due to the increase on the load, the number of nodes
in contact also increases. This leads to the appearance of differ-
ences in the accuracy of the two methods since the Dual-Mortar
method has a better distribution of loads over the contact surfaces
and a relatively smoother pattern for the evolution of the normal
pressure, which can be seen in Fig. 8.Fig. 8. Hertizian contact problem: contact pressure evolution in the plastic domain.9.3. Conical extrusion problem
In this example, the frictional elasto-plastic stress analysis of an
aluminium cylindrical billet (Simo and Laursen, 1992) is presented.
The billet is pushed across a total distance of 177.8 mm through a
rigid conical die, which has a wall angle of 5, see Fig. 9. Due to the
presence of high frictional contact forces and the development of
ﬁnite plastic strains in the billet, this example will allow the
assessment of the performance of both methods under ﬁnite fric-
tional sliding coupled with ﬁnite strain inelastic material behavior.
In particular, the displacement ﬁeld of the billet, the evolution of
the extrusion and tangential forces and the distribution of the plas-
tic strain, will be analysed for both methods. Material properties of
the pure aluminium billet are presented in Table 3.Table 4
Hertizian contact problem: convergence behavior of the total residual norm.
tn k Penalty n ¼ s ¼ 104 Dual Mortar cn ¼ cs ¼ 100
a = 3.176 mm a = 3.198 mm
Relative residual norm (%)
001 1 0.626481E01 0.836091E02
2 0.156492E04 0.739726E06
3 0.269254E06 0.922262E10
4 0.198423E10
100 1 0.269482E01 0.223108E03
2 0.589423E04 0.198341E07
3 0.394568E09 0.135704E11
4 0.142679E12
150 1 0.310981E+01 0.229871E02
2 0.167319E02 0.100981E04
3 0.400135E04 0.101098E07
4 0.201456E07 0.896542E11
5 0.110987E09 –
6 0.067391E12 –
200 1 0.452691E+01 0.226485E02
2 0.264821E01 0.754524E04
3 0.485938E03 0.917062E08
4 0.337746E06 0.896271E12
5 0.852251E11P ðkÞðyÞ 968 685
() Total number of iterations required.Sliding forces are the principal cause of deformation in this
example and therefore shear effects over the contact surface are
expected. The die is regarded as a rigid body and the coefﬁcient
of friction adopted was l ¼ 0:1. The values for the penalty multi-
pliers selected for this problem were n ¼ 108 and s ¼ 105. In
the simulation, the displacement load applied was divided into
200 increments. The equivalent plastic strain distribution at the ﬁ-
nal step obtained by the Dual Mortar method is shown in Fig. 10.
As expected, the higher plastic deformation level is found at the
upper left side of the billet with a maximal value of 1.39. There
was no appreciable difference in the equivalent plastic strain con-
tour obtained by the two methods. The ﬁnal contact surface length
is equal to 257.33 mm. A graphical representation of the extrusion
force, measured from the reaction at the billet bottom, is shown in
Fig. 11. The difference between the two methods is negligible. The
convergence rate of both methods, which is listed in Table 5 for
increments 1, 100, 150 and 200, has a similar evolution to the
one obtained in Section 9.2.2. Nevertheless, the evolution of the
frictional force obtained with the Penalty method, see Fig. 12,
shows the typical non-physical oscillation due to the non-smooth-
ness of ﬁnite element discretization along the contact surface. This
drawback is mitigated by the continuous normal ﬁeld provided by
the Mortar segmentation, where no oscillations are observed. One
advantage of performing the simulation with a rigid body is that,
since the non-mortar surface is composed by a single segment of
the die, the segmentation does not change, even when plastic
strains are in place. Therefore, the active set is kept the same dur-
ing the whole simulation, which provides optimal convergence
rates for the Dual Mortar method.
Fig. 9. Conical extrusion problem: geometry and ﬁnite element discretization
(dimensions in mm).
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0.651
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1.3
1.39
Equivalent Plastic Strain
Fig. 10. Conical extrusion problem: effective plastic strain contour at the ﬁnal load
step.
Fig. 11. Conical extrusion problem: evolution of the extrusion force.
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The analysis of an elasto-plastic frictional beam contact prob-
lem (Yang et al., 2005) is presented next. The objective of this anal-
ysis is to investigate the inﬂuence of the parameters cn; cs,
employed in the deﬁnition of the non-complementarity conditions
of the Dual-Mortar method, together with the parameters n and
s, employed in the enforcement of contact constraints of the
NTS-Penalty method, when ﬁnite frictional sliding and ﬁnite strain
elasto-plastic material behavior are present. Due to the different
sources of nonlinearity involved (geometrical, material and con-
tact), this is also a good problem to test the robustness of the ap-
proach presented.
The problem is composed by two beams: a straight beam and a
curved beam, which are represented in Fig. 13. The straight beam is
simply supported and the curved beam is ﬁxed on the left end in
the y direction and subjected to a vertical displacement dy ¼ 1:2t
at the right end. In addition, a prescribed horizontal displacement
of dx ¼ 2:0t is applied to both left and right ends. Due to the curva-
ture and boundary conditions the curved beam has a high struc-
tural stiffness and, therefore, the straight beam is more prone to
deform.
Both beams are assumed to be made of Aluminum alloy, whose
properties are listed in Table 3, with a coefﬁcient of friction equal
to l ¼ 0:3. The total prescribed displacement, which is set to be
equal to dx ¼ 16, was applied over 320 equally spaced pseudo-time
increments of Dt ¼ 0:025. The evolution of the effective plastic
strain provided by the Dual Mortar method is shown in Fig. 14
for t = 4 s and in Fig. 15 for the ﬁnal conﬁguration at t = 8 s. There
was no noticeable difference in the effective plastic strain contourbetween both methods. During the ﬁrst 2 pseudo-seconds of the
simulation, the majority of the displacement and deformation are
undergone by the bottom beam. At t = 4 s, the contact surface al-
ready presents signiﬁcant levels of plastic strain. The presence of
high frictional force causes shear distortion of the ﬁnite elements
on the contact region and the bending process induces the growth
of the contact area. At the end of the simulation (t = 8 s), the upper
beam has considerable deformation levels at the right corner due
to the prescribed displacement dx, while the lower beam shows
moderate levels of strain at the contact surface.
Table 5
Conical extrusion: convergence evolution.
tn k Penalty n ¼ s ¼ 104 Dual Mortar cn ¼ cs ¼ 100
Relative residual norm (%)
001 1 0.612567E+02 0.110718E+01
2 0.179956E+02 0.806609E+00
3 0.845863E+00 0.173512E02
4 0.233792E02 0.990222E07
5 0.950268E06 0.192286E11
6 0.326588E11 –
100 1 0.856247E+03 0.280271E+01
2 0.625483E+01 0.158554E+01
3 0.215140E02 0.436638E01
4 0.269871E04 0.274675E04
5 0.112124E08 0.246126E10
200 1 0.425783E+02 0.862577E+01
2 0.914758E+00 0.150099E+00
3 0.667821E02 0.546990E01
4 0.299631E04 0.734911E04
5 0.141457E06 0.149939E09
6 0.784265E08 –P ðkÞðyÞ 1215 981
(y) Total number of iterations required.
Fig. 12. Conical extrusion problem: evolution of the frictional force.
Fig. 13. Frictional beam contact problem: geometry and ﬁnite element discretiza-
tion (dimensions in mm).
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shown in Table 6 for the representative steps of this analysis. From
Table 6, it is possible to observe that the Penalty method is able to
solve the entire problem when employing n ¼ s ¼ 104. However
when the curved beam starts to experience high levels of plastic
deformation, the convergence rate of this method is compromised
(see increment 160 in Table 6). On the other hand, the Dual-Mortar
method converges reasonably well during all the simulation.
Nevertheless, the convergence of the single iteration PDASSalgorithm is also affected when the upper beam undergoes plastic
strains. In particular, multiple attempts to ﬁnd the correct subset
for the mortar segmentation occur after a given conﬁguration up-
date, which leads to changes on the contact pairs and consequently
the active set. In addition, the ﬁnite elements at the most outer-left
section of the upper beam get signiﬁcantly distorted due to the
boundary conditions, leading to the computation of negative
jacobians during the analysis.
With regard to the computational time required for carrying out
the analysis, it is possible to conclude that the total number of iter-
ations to attain convergence with the NTS-Penalty method, for
each increment, is always higher than the Dual-Mortar method.
Although the computational cost of each iteration of the Penalty
formulation is cheaper, the additional number of iterations makes
the method more expensive. Furthermore, the NTS method also re-
quires considerably smaller time steps in order to converge in both
elastic and plastic domains when compared with the Dual-Mortar
method which, in an overall sense, is signiﬁcantly more efﬁcient.
Finally, with this example, we investigate the inﬂuence of the
parameters cn and cs introduced with the complementarity func-
tions in Section 8. These parameters were deﬁned within the con-
text of small deformations in Hüeber et al. (2008) and analysed at
ﬁnite strains in Gitterle et al. (2010). The parameter cn is a positive
constant that relates the different physical units of zn and ~g. There-
fore, it seems logical to choose cn such that the values of zn and ~g
are balanced and several authors (Hüeber and Wohlmuth, 2005b;
Hüeber et al., 2008; Hüeber, 2008; Popp et al., 2009) have sug-
gested cn to be of the order of the Elasticity modulus of the contact
bodies. The same reasoning applies to the positive constant cs, i.e.,
it is logical to choose cs such that zs and ~us are balanced. Neverthe-
less, the conditions on the tangential directions that result from
the applied Coulomb’s friction law are also related to the parame-
ter cn. Consequently, cs is also suggested to reﬂect the material
parameters of the contacting bodies (Hüeber et al., 2008; Popp
et al., 2009). The convergence behavior of the single step PDASS
algorithm for different values of cn and cs is illustrated in Table 7.
The number of Newton steps required to reach convergence for
two representative steps, one within the elastic and other within
the plastic domain, is investigated. It can be observed that, within
the elastic domain, there is almost no degradation of the conver-
gence rate for a wide range of cn and cs. Therefore, the sensitivity
of the algorithm, with regard to the choice of cn and cs, is low with-
in the elastic domain. For the plastic domain, there is still a reason-
able range of cn and cs that do not affect the convergence rate.
Nevertheless, the spectrum of complementarity parameters for
which there is no deterioration of the convergence rate is notice-
ably more limited.
The additional source of non-linearity caused by the material
behavior signiﬁcantly affects the number of iterations needed to
achieve convergence and the number of active set changes. These
results suggest that the values of cn and cs should reﬂect the plastic
material parameters of the bodies in contact. It is important to
emphasize that the choice of cn and cs only enhances or deterio-
rates convergence of the Dual-Mortar method and not the accuracy
of the results. On the other hand, the choice of penalty multipliers,
n and s, has a great inﬂuence on the accuracy of the method. In
Table 8, the convergence behavior of the NTS-Penalty formulation
for different values of n and s is illustrated, Again, the number of
Newton steps needed to attain convergence for two representative
steps, one elastic and one plastic, is investigated. Within both the
elastic and plastic domains, it is possible to observe the well-
known behavior of the NTS-Penalty method. For low values of n
and s the penetration can be signiﬁcant and the frictional con-
straints are not fulﬁlled. On the other hand, high values of these
parameters lead to locking and/or overconstraint, which prevent
the problem to be solved. Therefore, the selection of the penalty
0.018 0.027 0.036 0.045 0.054 0.0630 0.009 0.072 0.081 0.09
Equivalent Plastic Strain (t=4s)
Fig. 14. Frictional beam contact problem: effective plastic strain at t = 4 s.
0.0581 0.0871 0.116 0.145 0.174 0.2030 0.029 0.232 0.261 0.29
Equivalent Plastic Strain (t=8s)
Fig. 15. Frictional beam contact problem: effective plastic strain at t = 8 s.
Table 6
Frictional beam contact problem: convergence behavior.
tn k Penalty
n ¼ s ¼ 104
Dual Mortar
cn ¼ cs ¼ 100
Relative residual norm (%)
001 1 0.457532E + 02 0.945446E + 01
2 0.145766E+00 0.298134E+01
3 0.303347E01 0.262611E04
4 0.198423E02 0.444629E10
5 0.435333E04 –
6 0.254868E10 –
160 1 0.412056E+02 0.145941E+01(⁄)
2 0.211690E+00 0.112458E01
3 0.125627E01 0.138134E02
4 0.506982E02 0.138134E02
5 0.022463E03 0.262611E04
6 0.174102E04 0.444629E10
7 0.512961E06 –
8 0.512961E09 –
320 1 0.842507E+01 0.226485E+01(*)
2 0.631476E01 0.286545E01
3 0.400189E02 0.754524E04
4 0.229077E03 0.917062E08
5 0.990173E04 0.896271E12
6 0.303569E06 –
7 0.131313E09 –P ðkÞðyÞ 2281 1756
(y) Total number of iterations required.
(*) Change in active set.
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and ﬁnding a solution for the problem.
9.5. Ironing contact problem
The so-called Ironing problem (Gitterle et al., 2010; Fischer and
Wriggers, 2006) is a variation of the cylinder-to-block hertizian
contact problem, where after the indentation stage the tool is set
to slide over the block. The combination of loads generates high
levels of deformation. The geometry, ﬁnite element discretization
and loads of this problem are depicted in Fig. 16. The simulation
is divided in two stages. In the ﬁrst stage, the semi-circular tool, al-
ready in contact with the base, is vertically pushed against the base
dy ¼ 0:3 and this stage is set to take 30 increments. During the
second stage, the tool is horizontally displaced by dx ¼ 9:6. This
load is equally divided into 400 increments. For this simulation,
the values chosen for the penalty multipliers were n ¼ s ¼ 109
and for the complementarity parameters cn ¼ cs ¼ 101. A static
coefﬁcient of friction equal to lQ ¼ 0:4 and a kinect coefﬁcient of
friction of lL ¼ 0:3 are considered. The materials chosen for the
tool and the block were, respectively, the Tungsten alloy and the
Aluminum alloy (Table 3).
During the simulation, a layer of plastic deformation develops
along the contact surface and the active set changes more than
once for most increments. This happens due to the fact that once
a given node at the left side of the contact surface reaches the yield
stress it no longer recovers from the deformation, leading to it’s
Table 7
Frictional beam contact problem: inﬂuence of the parameters cn and cs .
cn cs
102 100 102 104 106
Elastic domain: tn ¼ 10
102 5 4 4 – *
100 4 4 4 6 *
102 4 4 5(1) 7(1) *
104 5 5 6(1) 7(1) *
106 * * 8(1) 9(2) *
Plastic domain: tn ¼ 300
102 6 6 6 – *
100 6 7(1) 7(1) 7(1) *
102 6 7(1) 7(1) 8(2) *
104 7(1) 7(1) 9(3) 10(3) *
106 * * * * *
(*) More than 10 iterations and 3 changes of active set.
Table 8
Frictional beam contact problem: inﬂuence of the parameters n and s .
n s
102 104 106 108
Elastic domain: tn ¼ 10
102 ** ** ** ***
104 8 7 6 8
106 7 7 7 ***
108 8 *** 8 ***
Plastic domain: tn ¼ 300
102 ** ** ** **
104 ** 9 10 10
106 8 9 9 ***
108 8 10 10 ***
(**) Penetration over than 10% of the ﬁnite element height.
(***) Locking/overconstraint.
Fig. 16. Ironing contact problem: geometry and ﬁnite element discretization
(dimensions in mm).
Table 9
Ironing contact problem: convergence rate behavior.
tn k Penalty
n ¼ s ¼ 109
Single
cn ¼ cs ¼ 101
Nested
Relative residual norm (%)
030 1 0.285466E+02 0.772309E+01 0.772308E+01
2 0.125468E+00 0.392728E+00 0.392728E+00
3 0.861073E01 0.337489E03 0.337488E03
4 0.973016E02 0.229909E09 0.229908E09
5 0.744196E03 0.111215E11 0.111214E11
6 0.726018E04 – –
7 0.186181E09 – –
230 1 0.626103E+01 0.280271E+01(*) 0.280271E+01
2 0.124845E+00 0.158554E+01 0.220156E+01
3 0.920084E01 0.436638E01 0.112644E+00
4 0.108697E02 0.125687E02 0.612545E02
5 0.783435E03 0.274675E04 0.266750E04
6 0.226584E06 0.246126E10 0.422109E07
7 0.141980E09 – 0.199088E11
430 1 0.958624E+02 0.706285E+03(*) 0.706285E+03
2 0.111254E+01 0.256844E+02(*) 0.298211E+01
3 0.128455E+00 0.862577E+01 0.116925E01
4 0.547556E01 0.150099E+00 0.138852E02
5 0.343761E02 0.546990E01 0.623577E04
6 0.517235E03 0.734911E04 0.421596E07
7 0.436580E04 0.149939E09 0.336952E09(+1)
8 0.140885E06 – –
9 0.269842E09 – –P ðkÞðyÞ 3452 2600 3258(**)
(*) Change in active set.
(**) Considering changes in active set.
(+1) Check of active contact set failed, Newton cycle has to be repeated.
(y) Total number of iterations required throughout the whole simulation.
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lated and new contact nodes become active. This constant change
of the contact surface length and the number of contact nodes dur-
ing a single increment poses additional challenges to the perfor-
mance of the solution algorithms, as shown in Table 9. The
accumulated material on the right hand side also produces a high
tangential load on the tool, which leads to it’s distortion and plasticdeformation. Figs. 17 and 18 show the effective strain at steps 230
and 430, respectively. Reducing the load of each increment helps to
mitigate this phenomena, however as soon the material reaches
the plastic domain even small loads incur in large distortions of
the ﬁnite element mesh and consequently changes on the contact
pairs occur.
The convergence evolution of the relative residual norm is listed
in Table 9, for three representative steps and for three solution
strategies: the Penalty method, the nested iterative strategy de-
scribed in Table 1 and single iterative strategy described in Table 2.
From Table 9, it is possible to see that Penalty method is able to
solve the problem when employing high values for the penalty
multipliers (n ¼ s ¼ 109). Nevertheless, the convergence rate of
the NTS method is poor when compared with the primal–dual ac-
tive set strategies. Furthermore, the level of penetration becomes
erratic during the solution and it is difﬁcult to know in advance
whether a given set of penalty multipliers will lead to the solution
of the problem or not. The convergence evolution provided by the
PDASS algorithms were similar. This happens due to the very small
size of the increments. Therefore, in order to enable a more de-
tailed comparison between those methods, the number of incre-
ments is reduced by half and each increment is raised to twice
their initial size (i.e., phase I: 15 increments with Ddy ¼ 0:02; phase
II: 200 increments with Ddx ¼ 0:096). Table 10 shows the conver-
gence results provided by this new set of loading conditions. It is
possible to observe that due to the increase of the load increment,
the convergence rate of both strategies is deteriorated. In particu-
lar, at the plastic regime the nested strategy becomes more costly
since the changes of active set require new Newton cycles to be
performed. On the other hand, the single step strategy also reveals
a disadvantage: at the plastic regime, the contact pair changes
more frequently during a single increment than that at the elastic
regime. Therefore, due to sensitivity of this approach to changes of
the active set, it’s convergence rate is severely deteriorated.
0.147 0.221 0.294 0.368 0.442 0.5150 0.0736 0.589 0.662 0.736
Equivalent Plastic Strain (i=230)
Fig. 17. Ironing contact problem: effective plastic strain at dx ¼ 4:8 and dy ¼ 0:3.
0.195 0.292 0.389 0.487 0.584 0.6810 0.0973 0.779 0.876 0.973
Equivalent Plastic Strain (i=430)
Fig. 18. Ironing contact problem: effective plastic strain at dx ¼ 9:6 and dy ¼ 0:3.
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loading size the constant changes of active set may prevent to ﬁnd
a solution to the problem without signiﬁcantly reducing the load
increment.
Fig. 19 displays the typical behavior of the total reactions over
the top surface of the tool. Forces increase during the indentation
phase and stay relatively constant while the tool is sliding. How-
ever, a small oscillation of the horizontal force is expected since
the amount of material accumulated at the right hand side of the
tool changes over the simulation. Both methods yield similar re-
sults for the vertical reactions. However the horizontal reactions
provided by the Penalty method became erratic at the last quarter
of the simulation, when the highest levels of shear are attained.
The inﬂuence of the complementarity parameters cn and cs on
the solution behavior of this problem is illustrated in Table 11.
Again, it is observed that changes on the deformation regime, from
the elastic to the plastic domain, promote a disturbance in the con-
vergence of the single step PDASS. However, by choosing a suitable
combination of these parameters for the different phases of the
problems, one could circumvent this problem with a minimal
effort.
10. Concluding Remarks
In this paper, we have presented a general framework for the
simulation of frictional contact problems with deformable solids
undergoing ﬁnite elastoplastic strains. The numerical resultsdemonstrate the robustness of the approach beyond the case of ﬁ-
nite elasticity and endorse the applicability of the framework for
the analysis of large inelastic deformations and metal forming
problems. The accuracy and efﬁciency of the overall strategy is
demonstrated against the well-known node-to-segment penalty
contact formulation. The results presented emphasize the beneﬁts
of using a mortar formulation with a dual basis for the Lagrange
multipliers in contact problems involving inelastic material behav-
ior. In particular, the evaluation of the gap function as a semi-
continuous weak integral yields an enhanced enforcement of
constraints in the normal direction, which allows a more accurate
evaluation of the contact forces not only in the normal direction
but also in the tangential direction. Furthermore, it contributes to
the correct fulﬁllment of additional sources of nonlinearity, which
include ﬁnite plastic deformations and ﬁnite frictional sliding. The
superior correlation between the contacting surfaces provided by
the mortar segmentation promotes a smaller initial value for the
residual forces, which leads to a faster solution in every increment.
Two primal–dual active set strategies have been presented and ap-
plied for the solution of the class of problems addressed. While the
single PDASS is generally more efﬁcient than the nested iterative
PDASS within the plastic domain, the robustness of the latter is
usually greater than the former. The complementarity parameters
employed in the deﬁnition of the nonlinear complementarity func-
tions do not affect the accuracy of the solution as occurs with the
penalty multipliers in the NTS formulation. Nevertheless, the selec-
tion of complementarity parameters has a signiﬁcant impact in the
Table 10
Ironing contact problem: comparison of PDASS algorithms.
tn k Nested strategy Single strategy cn ¼ cs ¼ 101
Relative residual norm (%)
015 1 0.46320E+02 0.39452E+02
2 0.21169E+01 0.62015E+00
3 0.10101E+00 0.30008E02
4 0.36045E02 0.19961E04
5 0.18604E04 0.85600E09
6 0.45969E06 0.79367E11
7 0.20781E11 –
115 1 0.10007E+03 0.20508E+02
2 0.49089E+02 0.95486E+01(*)
3 0.19065E+01 0.89068E+01(*)
4 0.56002E+01 0.78886E+01
5 0.27951E02 0.30219E+00
6 0.13355E04 0.11298E01
7 0.80743E08 0.52594E04
8 0.31092E11 0.61413E06
9 – 0.46302E09
215 1 0.96452E+02 0.99564E+02(*)
2 0.38491E+01 0.49261E+02(*)
3 0.16482E+00 0.22279E+01(*)
4 0.79050E01 0.31859E00
5 0.31105E02 0.13692E01
6 0.15924E04 0.39562E02
7 0.36294E06 0.92615E04
8 0.14820E08 0.41105E06
9 0.46594E10(+1) 0.26941E08
10 – 0.12943E11
(*) Change in active set.
(+1) Check of active contact set failed, Newton cycle has to be repeated.
Fig. 19. Ironing contact problem: reaction forces.
Table 11
Ironing contact problem: inﬂuence of the parameters cn and cs .
cn cs
102 101 100 10þ1
Elastic domain: tn ¼ 10
102 5 5 5 7
101 5 5 5 7
100 6(1) 6 6 7
10þ1 6(1) 6(1) 7(1) *
Plastic domain: tn ¼ 200
102 6 6 6 *
101 6 6 7 8(2)
100 7(1) 7 8(1) 9(2)
10þ1 * * 8 *
(*) More than 10 iterations and 3 changes of active set.
1714 T. Doca et al. / International Journal of Solids and Structures 51 (2014) 1697–1715efﬁciency of the solution whether the material behavior is within
the elastic or plastic domains. Due to the (possibly) strongly non-
linear nature of problem, the optimal convergence rate is only pre-
served when relatively low values for the complementarity
parameters are used, particularly in the plastic domain, and small
incremental steps are prescribed. An adaptive strategy should be
devised to compute the ideal complementarity parameters during
the analysis.
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